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Abstract. This paper compares two methods of statistical mechanics used to study a classical
Coulomb systemS near an ideal conductaf. The first method consists in neglecting the
thermal fluctuations in the conduct@r and constrains the electric potential to be constant on

it. In the second method the conduciGris considered as a conducting Coulomb system the
charge correlation length of which goes to zero. It has been noticed in the past, in particular
cases, that the two methods yield the same results for the particle densities and correlations in
S. It is shown that this is true in general for the quantities which depend only on the degrees
of freedom of§, but that some other quantities, especially the electric potential correlations and
the stress tensor, are different in the two approaches. In spite of this the two methods give the
same electric forces exerted 6n

1. Introduction

In the equilibrium statistical mechanics of classical Coulomb systems (for instance
electrolytes), sometimes one is led to assume that some wall is an ideal conductor (for
instance for mimicking an electrode). Two methods have been used to deal with a classical
(i.e. non-quantum) Coulomb systeSmear an ideal conductar. The first one is to consider
from the beginning that the conduct6ris ideal and take this into account by constraining
the electric potential to be constant 6m1-3]. The second method is to treat the conductor
C as a genuine Coulomb system with a microscopic structure and take the limit of zero
correlation length [4, 5]; indeed, in that limit, the statistical average of the charge density on
the conductolC becomes a surface charge density of zero thickness, a characteristic feature
of ideal conductors.

Both methods gave the same results for some quantities in the Coulomb sy;s$eich
as the particle densities, and even the fluctuations of these densities as described by the
particle correlation functions. The reason for this agreement about some fluctuations is not
obvious. In the first approach, there are no fluctuations inside the conddctdn the
second approach, there are thermal fluctuations inside the condiictor instance, the
potential/potential correlation function has a universal simple form [6] (in three dimensions,
kg T divided by the distance) for distances large compared to the microscopic scale and these
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correlations do not disappear as the zero correlation length limit is taken. However, this
seems to have no influence on some quantities in the Coulomb syst&avertheless we
shall show that some other quantitiesSir-for instance the electric potential correlations—
are different depending on the method used to compute them.

The aim of the present paper is to discuss the relationship between the two approaches.
We first treat a simple two-dimensional example in section 2, where we consider two parallel
lines; one is the ideal conduct@rand the other is the Coulomb systémThe two methods
are worked out to find the electric potential and charge correlations and the stress tensor,
and we compare the results. In section 3, we treat the general case, look at quantities such
as the partition function, the correlations and the stress tensor, and again we compare the
results obtained through the two methods.

The reader may either look first at section 2, or go directly to section 3.

2. A simple two-dimensional example

2.1. The model

For simplicity, we consider a system of ‘restricted dimension’ [7]. The Coulomb interaction
between two point-chargesandg’ at a distance from each other has the two-dimensional
form —gq'Inr, but the particles are constrained to live on one-dimensional lines. In the
planex Oy, the liney = 0 is the conductoC at zero potential, while the Coulomb system
S lives on the liney = W (W > 0).

We consider two cases: either the conduaiois an ideal one from the beginning, or
it is the high-density limit of a Coulomb system (in that limit, the microscopic scale goes
to zero). We compute the potential and charge correlations and the average stress tensor in
each case. These quantities can be obtained by a macroscopic approach [6], using linear
response theory and a conducting behaviour assumption. Alternatively, exact microscopic
results can be derived in a special model.

A positionr = (x, y) is conveniently represented by the complex numperx + iy.

2.2. The ideal conductor approach

The liney = 0 is assumed to be a grounded ideal condu€tan that sense that the electric
potential is constrained to vanish on that line. Thus, in the regiori > 0, the potential
at z’ due to a unit point-charge atis

Z—Z
z2—7
which does vanish on the line= 0. A Coulomb systens lies on the liney = W. This
model has already been studied [7]. Under the assumptiorStisad conductor, a macros-
copic approach [6] allows computation of the correlation function for the electric potential
@ at two pointsr andr’ (provided W is macroscopic and andr’ are at macroscopic
distances from the ling = W). These correlations are

G(,r'y=—In

(2.1)

o |z—2 sinhg e —7) _ / ,
po@eaT=—in|" 7% SEET i 00 €0 W (2.2
B(dT)D(r)T = —In i :j it (v,y) €]0, W[x]W, +oo| (2.2b)
B(dN®r')T = —In Z_ZZ;;'W‘ it (y,y) €]W, +oo[% 2.20)
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((...)T means a truncated statistical average Arslthe inverse temperature.) In the region
y <0, ®(r) = 0 without fluctuations.

From (2.2), one can compute the correlations of the electric fgld, and from the
discontinuities ofE, (r) on the linesy = 0 andy = W one obtains the correlations for the
charge densities (r) (charge per unit length) on these lines:

T 1 )2 : 2_< § >2
Blo(Ma ()’ = an[(zw) (Slnhzw(x—x)> x—x'

if r andr’ are on the ideal conductor (28
o = (.t (ot Y

plo(t)a — 2\2w/ \coshZ, (x —x')

if r is on the ideal conductor amd on the Coulomb system (2B
and

1 T \2 1 2 1 \?
MT & R - o

ploo)) = 22 |:(2W) (Sinhgv(x —x’)) + (x —x’) :|

if r andr’ are on the Coulomb system. (2)3

((2.3p) and (2.8) disregard the microscopic detail; ()3nust be regularized at—x’ = 0).
As expected, ifW — oo, the fluctuations (28 on the ideal conducto€ now alone in
space disappear, as well as the correlationsbfzo@tween the ideal conductdr and the
Coulomb systens, while the fluctuations (2@ on the Coulomb system§ become those
of one conducting line [6].

From the averagesE, E,) associated to (2.2), one can compute the Maxwell stress
tensor. Its only non-zero component#$,. At any pointr between the lines = 0 and
y = W, assuming that there is no potential difference between the lines, one found [7]

v

=_—. 2.4
24?2 (24)

BTyy

—T,, is the force per unit length exerted on the Coulomb system

2.3. The high-density limit approach

We now assume that both lines= 0 andy = W are Coulomb systems, and the high-
density limit is taken on the ling = 0. In that limit, the macroscopic approach [6] for
computing the potential correlations is valid under the same conditions as in sectian 2.2:
andr’ should be at macroscopic distances from the jfine W, but there is no restriction
about their distances to the line= 0. One finds

BRI ) =—In|z -7 if (y,y)e]—o0,0[ (2.59)

sinh (z — 2))

P / 2
W it (v,y)€]0, W[ (2.%0)

(DM =—In|(z —2))
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B(ON)Or)T = —In|z —2/| if (v, €10, W[X]W, +o0] (2.5¢)
B@MPr) =—Injz -z —iW| if  (y,y) €]W, +o0[? (2.5d)
B(@MP(r) =—In|z — 7| if  (v,y) €] — o0, 0[x]W, +od[. (2.5€)

The difference between the electric potential correlations in this case and the previous
case (equations (2.2)) is the electric potential correlation of a system where there is only
one Coulomb system on the line= 0 [6]. This difference arises from neglecting the
fluctuations of the conductor at= 0 in the ideal conductor case.

From (2.5) we obtain the charge correlations

2 2
ﬁwmﬂmf=—12(”)x.'l)+< 1)
27 2w sinhg; (x — x7) x—x'

if y=y'=0 (2.69)

2 2
ﬁwamamT=—l<l> (Zl)
2\ 2w coshg (x — x')

if y=0 and y=W (2.60)
LI S A SR S ( L f
Floo ) = 2m2 [(2W> <Sinh2’€V(x—x/)) + x —x'
if y=y=Ww (2.6c)

(Equations (2.6) disregard the microscopic detail; §2&nd (2.®) must be regularized at
x—x"=0)

The charge correlations in the Coulomb systemyat= W are the same in both
approaches (equations (2)3and (2.€)) as it was noticed before in other models [4, 2].
Also the correlation between a point on the conducios(0) and a point on the Coulomb
system § = W) is the same in both approaches (equationsbj2ahd (2.®)). But the
correlation between two points on the conductoy at 0 differ when the conductor is ideal
(equation (2.8)) and when it is the high-density limit of a Coulomb system (equatioraf?.6

The stress tensor is the same as in equation (2.4). This shows that we have the same
results in both approaches for the force exerted on the Coulomb system S. What is special
in the present model and what is general will be discussed in section 3.

2.4. A solvable model

The charge correlations (2.3) and (2.6) can be checked on a solvable microscopic model.
In this section we consider that the Coulomb syst&rs a one-component plasma: the
system is composed of particles of chaggenoving in a rigid charged background. The
two-dimensional one-component plasma is a solvable model in several geometries [8—11]
when g2 = 2.
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(a) The system such that is an ideal conductor has been solved in [12,13,7], in
the grand canonical ensemble. Leyn be the background charge density$tnd¢ the
fugacity. The number density and charge correlation in the Coulomb syst&rare given
in terms of

00 x

s = | % 1+ (anilezw“‘—zm) @7
as

n=g(0) (2.8)
and

(Mo ()" =—4¢1g(x — x)* + ¢°nd (x). (2.9)

It has been shown in [7] that, in the macroscopic limit{ > 1), these results agree
with those from the macroscopic approach of section 2.2; (2.9) becomes. (2.3

(b) The system such that is a conducting Coulomb system can also be solved exactly.
Now each line is a one-component plasma. The background charge densitiegrgréor
the liney = 0 and—gn for the liney = W. Here we work in the canonical ensemble. Let
N be the total number of particles. We consider first that we have two concentric circles,
with radii R and R + W, on which each plasma lies, and then take the liit> oo, with
N = 2mnoR + 2nn(R + W), which ensures overall neutrality. Adapting [11] by treating
the radial coordinate as a discrete variable which can have the valReend R + W, we
introduce theN orthogonal functions

l/fﬁ(r) = (Ol (Sr,R + 3r,r+W) Zl 0 < 14 < N-1 (210)
wherez = ré?, § is the Kronecker symbol, and is a (positive) parameter which controls

[14] how the N particles are distributed between the two lines. The demsiéynd charge
correlations are given in terms of the projector

P(r.r) = jil MQW (2.11)
0 Xroetr.riwy Jo [Pe(ro, 60)[?rodfo
as
n(r)=P(r,r) (2.12)
and
(0o N = —g?|P(. 1)+ q°n(r)8,,8(r(0 — 0)). (2.13)

In the limit R — oo the two circles become two parallel lines. In this limit it is useful to
definek = ¢/R. A summation over becomes an integral ovértimes R. We change our
system of coordinates: lat= R andy = r — R. The projector becomes

P(r 1) =8y y(8y0P1(x —x) + 8 wPa(x — x) + (8,08, w + 8y wdy 0) P3(x — x') (2.14)
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with
1 27 (no+n) akx dk
P = — _— 2.1%:
1) = o /0 o (2.1%)
1 27 (no+n) ekx gk
P. - _ 2.1%
20 = o /0 T (2.1%)
1 27 (no+n) ekx gk
P = — . 2.1
3(x) 21 /0 o e Wk 4 oq—leWk ( )

For a comparison with previous results, we define an alternative control paramiayer
2m¢ = o 2ghmV (2.16)

and keep; fixed as we vary the other parametegs n, W.
When the density)p of the conductolC becomes infinite, from (2.1 where we make
the change of variable — 2w (179 + n) — k, we obtain

Pa) = | /oo ek 2.17)
2N on o 1+ @i TevEzm | '

Since| P,(x)| as given by (2.17) is identical ti@(x)| as given by (2.7), the density and the
charge correlation function on the Coulomb syst&rare indeed identical whenevér is
an ideal conductor or the high-density limit of a Coulomb system.

A more detailed comparison can be made wh#ns macroscopic. Then, neglecting
terms exp—noW) and exg—nW) in (2.15), after an averaging over oscillations of
microscopic wavelength we obtain

PP~ 1~ 5 [(2) 4 (oo T (2.189)
| Pr(x 200~ gz [\ 4 2WsinhZr :

1 T 2
P 20— (—— . 2.1%0
P50 42 (ZW coshg‘;) ( )

The charge correlations obtained from (2.18) agree with the macroscopic ones obtained in
(2.6).

3. General case

In this section we consider the general casé in 2 dimensions. The conductar has any
shape and the Coulomb systefroccupies some region of space outsitleThe Coulomb
potential is

—Inr ifd=2
Golr) = {rz_d if d>2 (3.1)
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To start with,C itself is considered as a Coulomb system with internal degrees of freedom.
We shall use several quantities related to the electric potential correlations for the
conductorC alone in space. Leb.(r) be the electric potential atcreated by the conductor
C alone and let(...)] be a truncated statistical average computed with the Boltzmann
weight of the conductoC alone. The correlatior@c(r)d)c(r’))g can be computed by
linear response [6]; it is related to the average electric potential changevaen a unit
charge is put at’. This potential change can be computed by macroscopic electrostatics.
If the conductor is grounded, there are two cases:
(@) If r (or r’, or both) is (are) inside the conductor,

B{@e()Pe(r))g = Golr — 1) (3-23)
(b) If r andr’ are outside the conductor,
B{Pe(Pe(r)g = G*(r. 1) (3.20)
whereG* is defined by
Ar [Go(r —1') = G*(r, )] = —pad(r — 1) (3.3)

for r andr’ outside the conductor withy = 27, 3z = 4m, ..., pa = (d —2)27%?/T'(d/2)
if d > 2, and the conditiorGo(r —r’) — G*(r,r’) = 0 if r (orr’) is on the surface of the
conductor;Go(r —r’) — G*(r, r’) is the electric potential at created by a unit charge &t
in the presence of a grounded ideal conductor. The expressions (3.2) which disregard the
microscopic detail become exact in the limit when the correlation length goes to zero.
Another remark useful for the following sections is that the fluctuations of the electric
potential of a conducto€ are Gaussian [6, 15, 16].
Let R be the set of particle coordinates of the conducofr;} the set of thev particle
coordinates of the Coulomb systeindI” the element of phase space of the Coulomb system
and Hyp(R) the Hamiltonian of the conductor. The total energy of the systgmlys C) is

N
HA{r),R) =) @i, A+ Y aiqGoti —1) + Ho(R)  (3.4)
i=0

1<i<j<N

wherer; andg; are the position and charge of ti#h particle of S. There might also be
some short-range interaction between the particles, dfut we do not write it explicitly in
(3.4) just to have a simpler notation.

In the following sections we shall compute the partition function, the correlations, the
stress tensor and the force exerted on the Coulomb syStemthe limit when the charge
correlation length of the conduct@rgoes to zero (we shall call this limit the good conductor
limit) and compare the results to those when the conductor is ideal (i.e.the potential on it
is fixed, say to zero, without fluctuations). For the sake of simplicity we shall only treat in
detail this case of a grounded conductor, but similar results hold for an insulated conductor
(see section 3.5).

3.1. Partition function and statistical averages

The partition function of the total system can be written as

7 = /dr(e—ﬂZ;qi<1>c(r.))oe—ﬁ2,-<_,-qfq;Go(n—r,-)ZO (3.5)
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where{...)p means the average ove; with the Boltzmann weight exp-8 Hy(R)), and
Zo = [ exp(—BHo(R))dR is the partition function of the conductdt alone.
Now, since the fluctuations ab. are Gaussian

1
<exp[—ﬁ > qicbc(r,»)D = exp[zﬁ2 > aigs <<1>c<r,-><1>c(r,-)>$}
i 0 i,j

1
= exp|:2ﬁ Z%’CI/G*(H, rj)] (3.6)
ij
where we have used (3R Thus, the partition function becomes
Z =27 (3.7

where Z* is the partition function of the Coulomb systesnin the presence of an ideal
conductor

A / dr e AHer (3.8)

where

1 N
Hegf(ry, ..., Ty) = 5 Z%ZG*(U, r)+ Z qiq; [Go(ri — 1)) — G*(r;i, 1] (3.9)
i—1

1<i<j<N

Hes is indeed the standard Hamiltonian used in the ideal conductor approach. For instance,
in the case of a plane ideal conductar* is the particle/image interaction; it should be
noted that the interactionql?G*(r,-, r;) of a particle with its own image carries a factg)r
in (3.9).

The total free energy i = F* + Fy where F* is the free energy of in the presence
of an ideal conductor and the free energy of the conduct@r alone. This was noticed
previously in [4] for the model of a two-dimensional plasma near a metallic wall.

Let A({r;}) be a microscopic quantity that does not dependRorits thermodynamic
average, by (3.6), is

(A) = i / dr (e—ﬂ > f/i‘bc(ri))oe—ﬁ Yici 4i14; Go(ri=T)) 4
7%

— i dre—ﬂﬂeﬁ(fl ----- ™) A
7%

(A)efr- (3.10)

Thus the average of A can be computed by assuming from the beginning that the conductor
C is ideal.

3.2. Electric potential correlations

Equation (3.10) does not apply to the electric potential correlations because the microscopic
electric potential is different in the cases of a good conductor or an ideal conductor. For
the good conductor case, the microscopic electric potential is
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() =Y qiGo(r — ;) + () (3.11)

while for the ideal conductor case it is

0 ifrecC
Pia(N=1> g [Gor —r) = G*(r.r)]  ifr¢c. 3.12)

The average electric potential in the good conductor case is
(D)) = /dr Zq,Go(r — 1;)g P Hef

4 <¢C(r)e—ﬁ i a c(ff)>oe—ﬁ Yicj qiquD(ri_rj)}' (3'13)
Since the fluctuations ob. are Gaussian,

(De(r)e P Tt Py = — B3 g (D(r) De(r;)) g2 T 46 (Pl Peltio, (3.14)

Using the covariance (3.2), one finds, for all

(@(r)) = (Pig(N))eft (3.15)

where (®iq(r))ess iS the average electric potential in the ideal conductor case.
We can compute the electric potential correlations in the same way: the correlation
function in the good conductor case can be written as

BOMB) /dF Zq,q,c;o(r )Gl — e P

e R G0 N7 g Go(r — 1) (olr e X0

+ Y 4iGo(r' — r,-><d>c(lr>e—f‘ ety

+ (@e(r) @c(r)e 2 %) | (3.16)
Using (3.15)

(Do) Do(r Y& 1) = p2 Zq,q, () Pe(r))o{Pe(r) Pe(r)))o

1 {(D(r) De(r ))0]8%/32 Y1) 491 (@) D))o (3.17)
(also a consequence df; being Gaussian), and the covariance (3.2), we find

(@MD" = (Dig(N) Pia(r)) o + (D) De(r))g. (3.18)

Thus, the correlation function in the presence of a good conductor is the correlation
function in the presence of an ideal conductor plus the correlation function for the good
conductor alone in space.

This is what was noticed in the example of section 2.
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3.3. Charge correlations

If we are interested in charge correlations in the Coulomb systeeguation (3.10) applies
because the microscopic charge density outside the conductor

N
pr) = qid(r — 1)) (3.19)

i=1

does not depend on the coordinaisthus the charge correlations insideare the same
in both approaches. The surface charge densityCois given by the discontinuity of
the normal electric field, thus using (3.15) we find that the average charge density is the
same in both approaches. The same holds for the correlation between the defsitydn
the surface charge density @n But, if we are interested in charge correlations on the
conductorC, the correlations are different in the two approaches. Using equation (3.18) we
can compute the difference in the electric field correlations and from it the difference in the
charge correlations on the surface@f this difference is the surface charge correlation on
C when it is alone in space.

The example of section 2 illustrates these general results.

3.4. The stress tensor and the forces exerted on the Coulomb system

The Maxwell stress tensor is

8
T, = Mdl<EM E, — ;”E2> (3.20)
whereE = —V & is the electric field. LeV be some volume outside the conduoctar The

total average electric force o is
F =/ T -dd-ls=/v-T(r)ddr. (3.21)
2% %

It can be shown that this force is the same in both models although the electric potential
correlations are different and consequently the stress tensor might be different. Indeed, from
equation (3.18), the difference between the stress tensor in the good conductor case and the
ideal conductor case is

i 81,]}
T (1) — TS(0) = g (aua; — ‘zaga;) G*(r,r) (3.22)

where o (respectivelyd’) means partial differentiation with respect to the first (second)
argument ofG*. The difference of the divergences is

0 [T () = TS (] = pg (3,0,0,G*(r. 1) + 38,9, [8,G*(r, 1) — 8,G*(r,1)]). (3.23)

Now, from (3.3)9,9,G*(r,r) = 0, and sinceG* is symmetricald,G*(r,r) = 9,G*(r,r).
Thus, (3.23) is zero and the force is the same in both models.

In the example of section 2, the stress tensor itself was the same in the presence of
either a good conductor or an ideal conductor. But this was an effect of the very peculiar
symmetry of the model (invariance by translations alongathexis).
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A direct evaluation of the average force exerted on one particle of the system confirms
that the two approaches give the same result. IIgt d be the phase space element of the
systemS when theith particle is fixed andZ},_; the partition function of the systerfi in
presence of an ideal conductor when the particle is fixed. The average force exerted on
theith particle in presence of a good conductor is

1
(Fi) = _? /dFN_]_!Vi |:Z qiqrGo(r; — rk)j| @ BHe

I<k
+ <Vi [Z qﬂbc(r;)] eh ‘“‘"°<“)>
1

In the last term

<v,- [Z Cllq)c(rz)] e f qk“’c"*’> = -7V, (e,
l

0

e B 21k 19k Go(ri—re) } ) (3.24)
0

=—ptv, I:eg u qkqu*(rk-fl)] (3.25)

B _Vi [Z QL;lG*(rkv rl)} eg Zk’ qkqu*(rkyf,).
kl

Using (3.25) in (3.24) gives
(Fi) = (F%err. (3.26)
We obtain the same average force by both approaches.

3.5. The insulated conductor case

In the former calculations we assumed that the condu€tovas grounded. The same
calculations can be carried out if the conductoris insulated. Equations (3.7), (3.10),
(3.15), (3.26) still hold for the insulated conductor case. The expressidi.phow is

a different one but it is still the Hamiltonian of the systefrin the presence of an ideal
conductor: everywher&*(r, r’) must be replaced bg*(r,r’) + Q(r) V(r') where Q(r)

is the charge created by the influence of a unit chargeat the grounded conductor and
V(r’) is the electric potential at’ created by the conductor carrying a unit charge. The
important fact to notice is that the relation (3.18) between the different potential correlation
functions is still valid.

4. Conclusion

Two different methods for treating the problem of a Coulomb system near a conductor have
been compared.

The first method, where the conductor is considered from the beginning as ideal, neglects
all fluctuations in the conductor. The second method treats the conductor as a conducting
Coulomb system the charge correlation length of which goes to zero. Even in that limit, the
fluctuations in the conductor do not vanish. This modifies the electric potential correlations
by a term given by the electric potential correlation when the conductor is alone, but the
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average electric potential is not modified. Because of this, quantities such as the electric
field and charge density will have the same properties: their average is the same in both
methods but their correlations differ by the correlation for the conductor alone. However,
in the case of the charge correlations, this difference vanishes outside the conductor.

The free energy in the good conductor case is just the sum of the free energy in the
ideal conductor case plus the free energy when the conductor is alone in space.

The average stress tensor is modified only by a term the divergence of which is zero,
so the average force exerted on any part of the Coulomb system is not modified. However,
the fluctuations of these forces will in general be different in the two methods.
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